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Abstract 

The quadratic action for physical fields of type IIB supergravity model on AdS§ x S 5 is 
derived starting from the recently found covariant action. All boundary terms that have 
to be added to the action to be used in the AdS/CFT correspondence are determined. 

1 Introduction 



It is well-known that the covariant equations of motion for type IIB supergravity [Jj, [2|, [3|] can 
not be derived from any action because of the presence of a self-dual five-form. However, after 
eliminating some unphysical fields, one arrives at equations of motion which are not manifestly 
covariant but admit a Lagrangian description. The formal covariance of the Lagrangian can 
then be provided by introducing auxiliary non-propagating fields. This idea was successfully 
applied in 0, [5] to construct a covariant action for type IIB supergravity. The covariance of 
the action has to be taken with a grain of salt since one cannot impose any covariant gauge 
conditions on the auxiliary fields. Nevertheless, the very existence of the action allows one to 
study in detail the properties of supergravity. The existence of a covariant action for type IIB 
supergravity has special interest due to the discovery of the duality between type IIB superstring 
theory on the AdS^, x S 5 background and the four- dimensional M = 4 SU(N) super Yang-Mills 
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model 0. As was argued by Maldacena, in the large N limit and in the limit of large t'Hooft 
coupling f] = g Y M^ the SYM model may be described by the classical type IIB supergravity 
on AdS§ x S 5 . In particular, the physical fields of supergravity correspond to local primary 
operators of the SYM model. 

The conjecture by Maldacena was further elaborated by Gubser, Klebanov and Polyakov 
|7J and by Witten ||, who proposed that the generating functional of the connected Green 
functions in the SYM model coincides with the minimum of the supergravity action subject to 
certain conditions imposed on supergravity fields^ at the boundary of AdS$ x S 5 . It is worth 
noting that to make the AdS/CFT correspondence complete one has to add to a supergravity 
action boundary terms. The origin of the boundary terms was recently clarified in [[| , where it 
was shown that they appear in passing from the Hamiltonian formulation of the supergravity 
to the Lagrangian one. 



The AdS/CFT correspondence has already been used in pO|-P^| to compute some two- and 
three-point Green functions up to normalization constants, and some preliminary results on 
four-point Green functions have also been obtained fl25|, BB, 127] . However, a detailed investi- 



gation of the AdS/CFT correspondence requires the knowledge of the type IIB supergravity 
action. In particular, to fix the normalization constants of two- and three-point Green functions 
one has to know the quadratic and cubic actions for physical fields of supergravity. To this end 
one may try to use the covariant action by @, f|. In a recent paper Jl8| the quadratic action 



for scalar fields corresponding to the chiral primary operators in the M = 4 SYM was found 
by comparing the on-shell values of the covariant action and the most general quadratic action 
for the scalar fields. This method cannot be used to determine the complete quadratic type 
IIB supergravity action, since for some fields, e.g. fermions, the on-shell value of the action 
vanishes, if one does not take into account boundary terms which are in general unknown. Thus 
the only way to find the quadratic action is to derive it directly from the covariant one. 

The aim of the present paper is to determine the bulk quadratic action for physical fields of 
type IIB supergravity. Then, by using the approach of || we find all boundary terms, that have 
to be added to the bulk action in order to get the action that has to be used in the AdS/CFT 
correspondence. 

The plan of the paper is as follows. In Section II we briefly discuss the covariant action 
of [|], [I| and calculate the quadratic covariant action including all (physical and unphysical) 
fields of type IIB supergravity. In Section III we consider the part of the action that depends 
on the gravitational fields and the 4-form potential and, in particular, reproduce the result 



of [pTql . However, contrary to the results of [18), there is no nonlocality in the action. The 
antisymmetric tensor fields are considered in Section IV, where we represent the corresponding 
action in the first-order formalism. The quadratic action for fermions is obtained in Section V. 
In the Conclusion we discuss some possible applications of the results obtained and unsolved 



problems. The mass spectrum we obtain coincides with the one found in [28 



1 The boundary conditions of |t], |8) can be imposed only on the supergravity physical fields that satisfy 
second-order differential equations. 
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2 Covariant action 

The covariant action of 0, || for type IIB supergravity can be written in the form: 
c _ 1 f jio„ I — - ( d 4 p&h...M 5 , 1 d L ad K a t km x ..m a 



2k 2 J v * \ 5! mi - ms 3! (da) 

+ 5[ £ 1 " 10 ^ r M 1 ...M 5 BM 6 M 7 dM s CM 9 M 10 ~ Se'^ (d[M B NK ]) — 3e ip (d[MCNK\ — x9[mB NK ]) 
~ \{dM<p) 2 -\^{dMX?)+S{^ (2.1) 
where M, AT, . . . , = 0, 1, . . . 9 and we use the following notations 

Fml.-Ms — 59[m 1 ^.m 2 ...m 5 ] + ^{B[M 1 M 2 ^M- i C M A M b ] — C[m 1 m 2 9m 3 Bm4M 5 ]) j J~ — F — F* 

and all antisymmetrizations are with "weight" 1, e.g. 38[mBnk] = &M Bnk — djyB mk — &k Bn m ■ 
The dual forms are defined as 

£oi...9 — V~9i £ 



c A'h...M w _ n MiNi n M w N Wc 

fjp*\ — ^ c TpM k+1 ...M 10 _ 1 _iVi..JVio„ „ jp 

[r )M 1 ...M h — -jj£Mi...Mi r + ~ T\ 9M-.Ni • ■ •gM k N k FN k+1 ...NiQ- 

S{ip) denotes the part of the action that depends on fermions. Since the quadratic action 
for fermions can be easily restored by using their equations of motion, we will discuss in this 
Section only the bosonic part. 

One can easily verify that ( |2.1| ) possesses all the gauge and global symmetries of the con- 
ventional covariant equations of motion. However, the equations of motion that follow from 
( [2.1D differ from the conventional ones in many aspects. In particular, the 4-form potential now 
satisfies a second-order differential equation. 

The general covariance of the action is achieved by introducing an auxiliary scalar field a. 
As was shown in ||, [5|, there is a gauge symmetry of ( [2.1|) that allows one to set a = x . Under 
this choice the action ( |2.1| ) does not depend on the components of the 4-form potential of the 
form AP mnp- 

By using the units in which the radius of S 5 is set to be unity, the AdS$ x S 5 background 
solution can be written as 



ds 2 = —(dxl + rjijdx l dx^) + dVl\ = ijMNdx M dx N 



B 2 = C 2 = (p = x = 
1 

2 

X 

Rabcd = —9ac9bd + 9ad9bc', Rab = ~^9ab 
Raf3~i8 = ga^gpS ~ 9a5g^ R a (3 = 4^9a(3 

F abode £ abode j F a ;j~,$ e ^afi'y&ei (2-2) 

where a,b,c, . . . and a, ft, 7, . . . are the AdS and the sphere indices respectively and 77^ is the 
4-dimensional Minkowski metric. Representing the gravitational field and the 4-form potential 

as 

gMN = ()MN + h,MN'i AmnPQ = AmnPQ + ClMNPQ, 
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decomposing ( |2.1| ) up to the second order and omitting full-derivative terms, one obtains the 
quadratic action[| 

S = J d 1Q x^~g {-\v K h MN V K h MN + \v M h KN V K h MN - \v N h K K V M h MN 

1 Y7 h K X7 M h N ^h M h K P pNLAhMzAh ^ f fM 1 ...M 5 

+ ^Vm%V 31 " MKM1M2M3-F — -^JM 1 ...M S J 



° f T M 1 ...Af 5 1 1 d L ad K a t ^km 1 ...m a 
gj/M 1 ...M s J + 31 /g^2 ^ + J )lm 1 ...mA^ + 1 ) 



+ _£ M i- M io ' F Ml ^ M5 B Mf . M7 dM 8 C M9M10 ~~ 3(9[m-Sata']) 2 — 3((9[mCve']) 2 

- ^(^) 2 -i(9MX) 2 )+^), (2.3) 



where 



/mi...m 5 — 59[Af 1 a A f 2 ...M 5 ]; F = f — f* 

Tm 1 ...m 5 = -hxFM 1 ...M 5 ~ ^hy Mi F M2 ...M a ]K 

One can easily check that the 5-form T is antiself-dual. 

The gauge symmetry of fl2~3l ) (and of ( [2.1|) ) allows one to impose the following gauge con- 
ditions: 

V a h aa = = V Q /i( a/3) ; /i (a/3 ) = /i a/9 - (2.4) 

V Q aMiM 2 M 3 a = (2.5) 

V a B Ma = = V a C Ma (2.6) 
This gauge choice does not remove all the gauge symmetry of the theory, for a detailed discussion 



of the residual symmetry see p8 



We begin our study of the action with the most difficult part, describing the gravitational 
fields and the 4-form potential. 



3 Gravitational fields and the 4-form potential 

In what follows it is convenient to make the change of variable x$ — > e x °. Then the component 
#00 °f the background metric is equal to unity. In the gauge a = x the quadratic action 
describing the gravitational fields and the 4-form potential can be rewritten in the form 

S{h,a)=S{h) + S{a) (3.1) 

S(h) = J d w x^-g {-\v K h MN V K h MN + l -V M h KN V K h MN - \v N h«V M h MN 

+\v M h«V M h N N - ^h%h«F MKMlM2M3 F NL ^ M > M * + -T^T^) (3.2) 
S(a) = J d 10 xv / ^(-^/M,..M 5 / Ml - M5 - ^U.., 5 T^ + ^o w ...M4^° m - w ) (3-3) 

2 In what follows we omit the common factor in front of the action. 
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where \i = 1, 2, . . . , 9. 

Consider first the part depending on the 4-form potential. Taking into account that the 
nonvanishing components of T are given by 

T ai ...a 5 = ~2^a ~ h a )8 ai ,, M5 , T aai a4 = — h a £bai...a,4 

T ai ...a 5 = ~2^a ~ ^o) £ «i...05 ) T aai a4 — —h a £j3 ai .„ a4 (3-4) 

we rewrite the action (R.3I) in the form 



S(a) = J d 10 xV=g (^-^e^-^doa^d^a^ - l^a^d^a^ 

2 X 

+ g^ ^ ^o(^a a ijki — Adidijka) — g(^a — h^)e ai '" a5 d a5 a ai ,, Mi 

+ ^e^hUdia^s - 4d a a l( , jS )) ■ (3.5) 



As was shown in |[28|| , the gauge condition ( |2.5| ) implies that the components of the 4-form 
potential of the form diap-y and a al 3 y s can be represented as follows: 

s V e b (3.6) 

It is also convenient to introduce the dual 1- and 0-forms for a^ka and aijkb 

G>ijka &ijk ^lai &ijkl ^-ijkl^ 1 (3-7) 



Then by using (|376|) and ( |3.7| ) and the gauge conditions (|2T4T ) and ( |2.5| ), one gets the following 
expression for the action (|3.5|): 



S(a) = J d 10 x^ [-lQd bV 2 a a + 8V a aV a a + SV.V^V^ - 8V 2 a bV 2 pb - 8(h a a - h^V^b 

+ 16a C(Vj - 4)< - 8a ia (V 2 p - A)a ia + 8V;<V,a ia + 16/^V 4 < 

+ 8V,,<MVj - 4)(VV ja - VV' a ) - 8(Vj - 4)0 ia (V* - 4)0 ia + 16/£(Vj - 4)0« 



+ 2a iJQ/3 (V^-6)a 1 ^ . (3.8) 



We see that ( |3.8| ) is a sum of actions for the scalar fields, the vector fields and the antisymmetric 
tensor fields on AdS 5 . 

The action for the antisymmetric fields will be treated first. Although the action is not 
manifestly covariant with respect to the isometry group of AdS$, one achieves the covariance 
by introducing the additional fields a 0ia p that obey the folio wing equations: 

dot*? = \(-V 2 p + 6)- 1 e ijM e a ^ Se V r V j a klSe 

Then the action for the antisymmetric fields can be rewritten in the equivalent and manifestly 
covariant form: 

C _ / rl 10 ^ /Zn ( _}i r a!...a 5 en...a 5 ft o . /s-j2 _ fi\ n aba(3\ /o n\ 

•J J \ 2 ( - / as u, aia20i02 l ^03 "31140405 "l - ZjUj abap\^' -y u JU I . ^O.SJJ 
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Now expanding the fields a aba f3 in terms of the spherical harmonics 



aa6 Q /3 = -a abal3 + -a abap) a~ bap {x, y)=J2 Kb' i x ) Y [ap\ (sO, 
where the harmonics are eigenfunctions of the operator 

(*V)Y M = e a ^V 7 Y [S£] ; (*V)Y^ = ±2i(k + 2)Y**, k>0, 



we rewrite action fl3.9|) as follows 

S(b ab ) = - J AdS5 <ZW=& £ (k + 2) ^"^^^ + (k + 2)& + &£_) . (3.10) 

Here and in what follows we suppose that the spherical harmonics of all types are orthonormal. 
We see that action ( |3.10| ) reproduces the part of the spectrum of 0, |29| for the antisymmetric 
fields. 

This action cannot be used in the AdS/CFT correspondence because it's on-shell value 
vanishes. As follows from [ 191 , one has to add to ( p.lOj ) the boundary term 



I(b a 



dAdS; 



k + 2 



(3.11) 



where the indices i,j are contracted with the help of the metric induced on the boundary of 
AdSs, and g is the determinant of the induced metric. Then the sum of the bulk action ( |3.10| ) 
and the boundary term (|3.11|) is the action that leads to the conformally-invariant two-point 
Green functions ||19| . 

Now consider the part of ( |3.8|) that depends on the scalar fields b and a. Eliminating the 
field a by using it's equation of motion one gets 

S(b) = J d 10 x^=g~ (-8V a V a bV a V a b - 8V*6Vj& - 8(h a a - K)V 2 a b) (3.12) 

Note that the action is manifestly covariant. 

To represent the action for the vector fields in a covariant form we introduce an auxiliary 
field ifo a which obeys the equation f 0a = V^a^, and rewrite the action as follows 

S(<j>) = J d w x^g- (l63oC(Vj - 4R - 8a ia (Vj - 4)a m + W<p 0a V ia ia - 8<p 0a <p% 
+ 16h«VK + 8V^ a (Vj ~ 4)(V> ja - V^ ia ) 

- 8(Vj-4)^ Q (V^-4)0- + 16^(Vj-4)^) (3.13) 

The field satisfies the following equation of motion 

a ia = d (p ia + (-V| + 4) _1 Vi(^ a + h 0a ). 

Introducing the field O a by the formula (V| — 4)0 Oa = ¥?oa + h 0a and eliminating the field a ia 
from (|3.13|) , we get 



S(</>) = Jd 10 x^g~(8V a (j) ba (V}-4)(V 
+ 16h a a (Vl-4)^-8h 0a h 0a 



a jjaa -^b iaa\ 



8(V| - 4)<£ oa (V? -4)0 a 



(3.14) 



Only the last term violates the manifest covariance of the action. However we will see in a 
moment that this term is cancelled by a term coming from the action for the gravitational 
fields. 

To this end, by using the gauge conditions for the gravitational fields and eq.( |3.4| ), we rewrite 
the action S(h) as follows 

S{h) = J d w x^~g (-±V K h ab V K h ab + ±V a h ah V c h cb - Uj a hy b h ha 

+\v M Kv M h b b +h ab h ab + ±(Kf 

- \vaKV b h ba + \v b hy b h a a + h/phy^K + 2/*x 

1 3 IS 

+fJ b KV% + -v 7 /£V/$ - -{Kf 

-\v a h ba (y a h ba - V b h aa ) - ^V p h aa V^h aa - 6h a a K + 8h 0a h 0a ^j (3.15) 

So, we see that although the gauge condition a = Xq violates the manifest covariance of the 
quadratic action with respect to the action of the isometry group of AdS§ x S 5 , one can restore 
it by introducing auxiliary fields. 

There is no problem with the fields h^'. Being expanded into spherical harmonics they 
directly lead to the corresponding part of the spectrum of |28|, |29|j . 

Consider the action for the vector fields that is a sum of (|3.14j) and the last line of ( |3.15|) : 

S(vect) = J d 10 x^ (SV^VJ - 4)(V> ba - VV aa ) - 8(Vj - 4)</w(V* - 4)0 aa 
+ 16>£(VJ - 4)C - \v a h ba (y a h ba - V b h aa ) - U/ph^h™ - Qh a a hi] (3.16) 



Expanding the fields into a set of the spherical harmonics as follows 

haafay) = £ Bl'(x)Y*(y); ^ aa (x,y) = £ (tf); 
yl-A)Y k = -(k + l)(k + 3)Y k , 



and making the change of variables [28 



A k = B k - A(k + 3)<j> k ; C k = B k + A(k + 1)^ 
we obtain the final action for the vector fields: 

S(vect) = I d 5 x^f a y: ( 4^ (--A F ^ Ak )) 2 - Itf - !)(^) 2 



JAdS s \. 



2(k + 2) V 4 V ™ v " 2 

^Jrri» f-T^^)) 2 - l( k + 'W + 'MC':) 2 ) ) • (3.17) 



2(k + 2) V 4 V v " 2 
where F ab (A) = d a A b - d b A a . 
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Now we proceed with the most complicated part of the action S(h, a) which depends on the 
gravitational fields h ab and the scalar fields and 6: 



S(h ab ,7r,b) 



J d 10 x^g~ (-lv Khah V K h"* + l -V a h ab V c h ch - l -v a hy b h 

+\v M hy M ht+h ab h ab + 1 -(K) 2 

- \ v a ^ h h ba + -v^vSr + -v^W + 2hy 

1 3 13 

+ -V fe 7rV 6 7r + — V 7 7rV 7 7T - — vr 2 
5 25 5 

-8V a V Q 6V a V a 6 - 8V 2 6Vj6 - 8(h a a - tt)V 2 6) 



(3.18) 



where we denote h% = ir, following |28 



First of all we need to remove the mixed terms of the form Trh ab and bh ab , i.e. linear in h ab . 
To this end we make the following shift of the gravitational fields: 



hab = Vab + -9abV + 2V a V{,C 

5 

The requirement that there is no term linear in ip ab fixes r\ and £ to be 

C= (-V^ + 3)- 1 (^-66); 77= -IOC- 206 -vr 



(3.19) 



(3.20) 



Then after straightforward but cumbersome calculations the action ( ft. 18 ) is found to be 

S(h ab ,7r,b) = S(tp ab ) + S(n,b), 



S(7T,b) 



J d w x^~g (A(-V 2 a + 3)-^ - 66)(V 2 - 5)(±tt - 66) + 48(V a 6) 2 



(3.21) 



16. 



-80(V Q 6) 2 - — (V a ^) 2 - — (V a 7tY - — V a 6V a 7r - 16V Q 6V a 7r + 2406 



25 



25 



5 

-An 2 - 166?r -8V a V a 6V a V a 6 - 8W 2 a bV 2 b 



(3.22) 



The absence of higher-derivative terms in (|3.22|) is explained by the general covariance of (|2.1|) . 
Now to get the final action for the scalar fields we expand them in the spherical harmonics 

as 

n(x,y) = J2* Il (x)Y Il (y); b(x,y) = £ b h (x)Y h (y); V 2 a Y k = -k(k + A)Y*, 
and make the redefinition of the fields |18| 

n k = 10ks k + 10(k + A)t k ; b k = -s k + t k 
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Then, after some algebra we obtain the action 



S(s,t) 



j5 . _ 32k (k-1 ){k + 2) 

AdS 5 ^ \ 



k + 1 



-V a s k V a s k - -k(k - 4)4 



32(A; + 2)(A; + 4)(A; + 5) 
A; + 3 



1 



V a t fc V°i fc --(fc + 4)(A; + 8)ijj 



(3.23) 



Note that the action for the scalar fields s k coincides with the one found in |L8[ . The fact that 
( p.23j ) does not depend on s and si means that these modes are gauge. 



Finally we discuss the action ( 3.21 ) for the gravitational fields. Expanding the fields in a 
set of spherical harmonics, we see that the zero mode describes a massless graviton on AdS§. 
We need to show that the massive modes describe traceless symmetric tensor fields. This can 

that enters 



f7T 



be done in two ways. First of all one can use the equation of motion^] h a a 
the complete set of equations of motion. Then by using the equations of motion for b and 7r one 
can easily show that tp^ vanishes on shell. The second way is to decouple tp a a from the traceless 
part of (fab. To this end we make the following change of variables: 



(a&) + -^g a b4> 
- -V 2 V~ 2 c 

g v a v a i 



where 



(aft) 



is a traceless symmetric tensor. 



Then the action ( |3.21|) acquires the form 



S((f>(ab)) 
d 10 Xy 



+ ^(0), 



d w xJ= 



' K9{ab) 



'V c (cb) + -4> {ab )4> {w 



S(Vab) ' 
S{4>{ab)) ' 

S(<P)- 
So, we see that 

to the same equations of motion and the same spectrum as was obtained in |28|, [29 
It is obvious that the action ( p. 271 ) leads to the equation 



b) 



-^V 2 V- 2 0)(-V 2 +3)0 



(3.24) 
(3.25) 



(3.26) 
(3.27) 



is the action for the traceless massive symmetric tensor field that leads 



- -V 2 V" 2 

5 ° ' 



= 



(3.28) 



Thus we again conclude that ip a a vanishes on shell. Although the field <p satisfies the second- 
order equation it does not describe any dynamical mode. The reason is that to make the 
transformation ( |3.25| ) well-defined we have to impose a certain boundary condition on the field 
(f>, ensuring the invertibility of the operator 1 — | V 2 V~ 2 . Then from (|3.28|) we get that always 
vanishes on shell. 

Thus, we have completed the discussion of the gravitational fields and the 4-form potential, 
and now we proceed with the antisymmetric fields B and C. 

3 This equation is valid only for the k > 2 modes. One can apply the remaining conformal diffeomorphism 
to obtain fog = -§7r |^|. 
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4 Antisymmetric fields 

The action for the antisymmetric tensor fields extracted from (|2.3|) is given by 

S = J d 10 x^(-V M B NK (V M B NK -V N B MK -V K B NM ) 

- V M C NK {V M C NK -V N C MK -V K C NM ) 

- Ae a ^B aP d 7 C 5£ -4e abcde B ab d c C de ) (4.1) 



Although the equations of motion obtained from the action coincides with the ones from [^S 
they are not diagonal, and the fields B and C do not correspond to primary operators of the 
M = 4 SYM model. Therefore, the main purpose of this section is to introduce a proper set 
of fields and to rewrite the action in terms of the fields. To this end it is convenient to replace 
the two real fields by one complex field: 

A=V2(B + iC), A = V2(B-iC), B = ^=(A + A), C=^(A-A) 



Rewriting ( |4.1|) in terms of A and A, one gets, up to total derivative terms, 

S = Jd 10 x^(~V M A NK (V M A NK -V N A MK -V K A NM ) 

+ te a ^ 5£ A a(3 d 7 A Se + ie abcde A ab d c A de ) (4.2) 



Taking into account that the fields A MN satisfy the gauge conditions V a A a p = V a A ab 
one can rewrite action (14.21) as follows 



S = J d w x^ (~ {y a A a pV a A^ + V^VA^ + QA aP A^) + ie a ^ S£ A a ^A 5E 
- (v a A ba (V a A ba - V b A aa ) + V p A aa V?A aa + 4A aa A aa ) 

~ (V s 4(VM fc - V b A ac - V c A ha ) + V a A ab V a A ab ) + ie abcde A ab d c A de ) (4.3) 



It is obvious that the first and second lines of ( |4.3|) are just the actions for scalar and vector 
fields respectively on AdS 5 . These actions directly lead to the spectrum found in [T2^, |2"5 ]. 
Let us consider the action describing the antisymmetric tensor fields on AdS^\ 

S as = J d 10 x^ (~ (y a A bc (V a A bc - V h A ac - V c A ba ) + V a A ab V a A ab ) 

+ ie abcde A ab d c A de ) (4.4) 



Introducing the auxiliary fields P ab and P ab , we rewrite the action in the first-order formalism: 

Sas = j d w x^(-~e M P ab d c Ate+ l -e M P ab d c Ate 

- 2P ab P ab - l -W a A ab V a A ab + is abcde A ab d c A^ (4.5) 
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Changing the variables 



A x = ^(-V Q V Q + 4)U + (-V a V° + 4)~*(P - A) 
A 2 = ^(-V Q V Q + 4)U - (-V a V Q + 4)-?(P - A) 



one gets the following action 

S as = -Jd 10 Xv ^(^e abcde (A lab d c A lde + A 2ab d c A 



+ (V(- V « VQ + 4 ) + 2)^Wf + ( V(- V - VQ + 4 ) " 1)A2a b Af (4.6) 



Taking into account that the eigenvalues of the operator y (— V Q V Q + 4) are equal to k + 2; k > 
0, one obtains the spectrum of [28 , ^9| . This action has the same form as the action ( |3.10|) for 



the antisymmetric fields coming from the 4-form potential, and, therefore, one has to add to 
the action the following boundary term 

las = f d 9 x^ (lA^A 1 ! + IAmA*) (4.7) 



dAdS 5 xS 5 

There is no need to add boundary terms to the actions obtained in the previous section for the 
scalar, vector and symmetric tensor fields. The actions can be directly used for c omputing 
two-point Green functions in the framework of the AdS/CFT correspondence. Thus we have 
completed the discussion of the quadratic action for bosonic fields of type IIB supergravity, and 
now we proceed with the analysis of the fermions. 

5 Fermion fields 

We begin the consideration of the fermion fields with the simplest spinor case. The action for 
the spinor field that leads to the covariant equations of motion |L], |2|, |3], 25] has the form 



S = J d 10 xV^ (XT M D M \ - ^XT Ah -^F Ml ... M5 Xj (5.1) 

Here A = zAT 1 and Dm is a covariant derivative. Recall that M,N,P..., a,b,c... and 
a, (3, 7 . . . are curved ten-dimensional, AdS$ and S5 indices respectively. We denote M, N, P . . ., 
d,b,c . . ., a, (3, 7 . . . the corresponding flat indices. We choose the following representation of 
the T-matrices 

r a = a 1 <g> I 4 <g> 7 a , T a = -a 2 ® r a ® J 4 

{ T M> T n} = 2 VMN> (7a, %} = ZVabi { T &> T $ } = 28 &0 

In this representation the matrix Tn is equal to 
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r° - • • r £ 



/i6 
-/is 
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Since the spinor is right-handed, it has the form 



Taking into account that 



X = i(i-r u )A=(; 



7 8 ... 7 a = z./ 4) r § ---T § = / 4 



we find 



r M -- M *F Ml ... M5 = -( ° ^ ] = -a+ ® J 16 (5.2) 



2-5! -™i-M 5 y o o 

and rewrite flOF) in the form 



S = J d w xy/^ A {-f a D a + ir a D a + 1) A. (5.3) 

Here and in what follows we use the same notation 7° (r a ) for the 4x4 matrices and for the 
16 x 16 matrices I4 <S> 7° (r a <8> I4). Expanding the spinor in a set of the spherical harmonics 

X(x,y) = £ (A+(x)5+(y) + Afc (*)Efc (y)) 

fc>0 

we obtain the action for the spinor fields 

S = J d 5 x^f a £ (\+ (?D a + k+ 7 -^\t + K [l a D a - k - |) A, ) (5.4) 

It is obvious that the action vanishes on shell. Therefore, in the framework of the AdS/CFT 
correspondence one has to add a boundary term to (|5.4j ). This boundary term 



1 = 1 [ d'x^rj E (-^A+ + A^) (5.5) 

was found in [II] up to a numerical factor, and the factor was fixed in || by using the Hamil- 
tonian formulation of the action. 

Now we proceed with the gravitino field. The action for the gravitino field leading to the 
covariant equations of motion has the form 

S = J d w x^~g ($ M T MNP D N ^ P + -^^ M V MNP Y M ^F Ml ... MB Y N ^ (5.6) 

Taking into account that the gravitino field is left-handed 
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we rewrite 



as follows 



S 



+ $ a (-ir a ^D^ - * 7 a V a A^& + l a r aP D^ a - ^r^D^ + r a %)) (5.7) 



As was shown in ||28|| , by using local supersymmetries, one can choose the gravitino field to be 
of the form 

where T a ip(a) = r a D^ a )ifj = D a ifj( a ) = 0, and rj + is the Killing spinor, which obeys (D a + 
I T a)v + = 0- Then ( |5.7|) acquires the form 



S 



+ i; a (j abc D b ifj c + i-/ ab T a D a ij b - 7 a Vfe - 7 a (^ 2 ^ + 5V) 



+ (i abc D b ^t + \i ab ^ - ^ ab D bV + - 1017V) 



+ r/ + ( -10r? + - 2^ a D a r] + - 5ij ab D a ifj b + - I0i^ a ip2 



(5.8) 



(5.9) 



(5.10) 



Here D = r a D a , = D a — ^Dr a , ip+ denotes the lowest mode of the gravitino field that is 
proportional to a Killing spinor, and if) a does not contain ip£ in its expansion into harmonics. 
Expanding the spinor ipr a ) into a set of the spherical harmonics 

V^sg) = ™ /T s£) = + \)^ aV k > i, 

we represent the action ( |5.8| ) for the spinor fields in the form 



s= j d 5 x^f a x: 4> iT (i a D a + 



im lT — 1 ) V> 



i It 



(5.11) 



One has to add to the action a boundary term of the form (5.5). 

To show that the action ( |5.9|) leads to the spectrum obtained in [ 28| , we expand the gravitino 
field ip a and the spinor field ip into harmonics and rewrite ( |5.9|) as follows 



S = J d 5 x^f a 2 fa (l abc D b ^ + (im lL - l)7 a V fe 7i - {\rn] L + 5) 7 V 



,4 



3i 



- ^l m i L + 5 )^' L h a D a ip iL - 7>i L - (1 + jm lL )ip lL 
Performing the shift of the gravitino fields 

€ L ^€ L +DaX[ L +laX I 2 L 



(5.12) 
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and requiring the decoupling of the fields from ijj lL , we find 



Tt 3 5 + 2im lL r 



5 1 + 2im lL 
1 (l-im lL )(5 + 2im lL ) 



5 1 + 2im lL 

Then the action ( 5.12|) acquires the form 

S = J d 5 x^f a J2 {ti L (l abc D b ^ + (im^ - l) 7 a V, 



2(5 + 2im lL )(5-2im lL ) 2 -r , ari , T . T . lT 



(5.13) 
(5.14) 



The action (|5.13 ) is the standard action for the Rarita-Schwinger field. To show that the mode 
^""ipa is unphysical one can make the change of variables 



tf? = <pfc + D aX lL - \(im^ - l) laX lL 



1 L 



{im 



i)x 



and get the following expression for ( |5.13| ) 



a) 



[im 



II 



1l 



+ {-{im lL - l) 2 - 3)x iL {^ a D aX lL - -{im lL - l) X lL ) 



3 



(5.15) 
(5.16) 



The same reasoning as after ( p. 28 ) leads to the conclusion that the spinor X always vanishes on 
shell. We see that the kinetic term for the gravitino fields is just the sum of the kinetic terms 
for the spinor fields. Q Then, one can easily show by using the results obtained in |20|, |21| and 
the Hamiltonian approach of 0, that the boundary term one has to add to ( 5 . 1 5|) again has 
the form ( |5.5| ). 

The consideration of the modes ip^ and the Killing spinor r] + goes the same way. One makes 
the shift 

5 

and arrives at the action ( |5.13|) for the massless gravitino and the action 



S = J dW^yi^ {l a D a ri 
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-rp 



(5.17) 



for the Killing spinor. This completes our derivation of the quadratic action for type IIB 
supergravity on AdS 5 x S 5 . 



4 Since the derivative D a contains the Christoffel symbols, (5.15) is not a sum of actions for spinor fields. We 
thank O.Rychkov for a discussion of the point. 
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6 Conclusion 



An important feature of the quadratic action we obtained in this paper is that, although we 
started from the noncovariant gauge condition, the final action possesses manifest invariance 
with respect to the isometry group of the AdS§ x S 5 background. It allows one to expect that 
there may exist a covariant description of the complete action for type IIB supergravity on 
AdS$ x S 5 . It is an interesting problem to find such a description. 

As the first step in this direction one could try to obtain the cubic action for supergravity. 
The solution of the problem would provide us with the knowledge of the relative factors in 
front of the two- and three-point Green functions computed in the framework of the AdS / CFT 
correspondence and would allow one to compare them with the ones found in the M = 4 SYM. 

The next step is to find the supergravity action up to the fourth order in the physical fields. 
Then one will be able to compute the four-point Green functions and to verify whether the 
logariphmic singularities found in [fM] cancel. 

Another problem to be solved is to find the spectrum and the quadratic action for the 
supergravity on the AdS§ x £ 5 background, where £5 is an Einstein manifold. A particularly 
interesting example is the manifold £5 = T 1,1 . As was shown in |3(J the supergravity on this 
background is dual to a certain large N M = 1 superconformal field theory, which describes a 
non-trivial infrared fixed point of the SU(N) x SU(N) gauge model. 
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